
This article was downloaded by: [Tomsk State University of Control Systems and Radio]
On: 18 February 2013, At: 09:47
Publisher: Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered
office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

Molecular Crystals and Liquid Crystals
Science and Technology. Section A.
Molecular Crystals and Liquid Crystals
Publication details, including instructions for authors and
subscription information:
http://www.tandfonline.com/loi/gmcl19

Biaxial Persistence Length in Nematic
Liquid Crystals
Paolo Biscari a
a Dipartimento di Matematica, Politecnico di Milano Via Bonardi
9, 20133, Milano E-mail:
Version of record first published: 24 Sep 2006.

To cite this article: Paolo Biscari (1996): Biaxial Persistence Length in Nematic Liquid Crystals,
Molecular Crystals and Liquid Crystals Science and Technology. Section A. Molecular Crystals and
Liquid Crystals, 290:1, 149-154

To link to this article:  http://dx.doi.org/10.1080/10587259608031900

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.tandfonline.com/page/terms-and-
conditions

This article may be used for research, teaching, and private study purposes. Any
substantial or systematic reproduction, redistribution, reselling, loan, sub-licensing,
systematic supply, or distribution in any form to anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any
representation that the contents will be complete or accurate or up to date. The
accuracy of any instructions, formulae, and drug doses should be independently
verified with primary sources. The publisher shall not be liable for any loss, actions,
claims, proceedings, demand, or costs or damages whatsoever or howsoever caused
arising directly or indirectly in connection with or arising out of the use of this material.

http://www.tandfonline.com/loi/gmcl19
http://dx.doi.org/10.1080/10587259608031900
http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions


Mol. Cryst. Liq. Cryst., 1996, Vol. 290, pp. 149-154 
Reprints available directly from the publisher 
Photocopying permitted by license only 

0 1996 OPA (Overseas Publishers Association) 
Amsterdam B.V. Published in The Netherlands under 

license by Gordon and Breach Science Publishers 
Printed in Malaysia 

BIAXIAL PERSISTENCE LENGTH 
IN NEMATIC LIQUID CRYSTALS 

PAOLO BISCARI 
Dipartimento di Matematica, Politecnico di Milano 
Via Bonardi 9, 20133 Milano 
e-mail: biscariOmate.polimi.it 

Abstract Third Harmonic Generation studies for monodomain nematic so- 
lutions6ave recently shown that biaxial anchoring conditions can be induced 
on the surface of nematic liquid crystals. This biaxiality relaxes in the bulk 
within a distance from the surface that depends both on the material elastic 
constants and on the degree of induced biaxiality. We compute the biaxial 
persistence length and predict that, by continuously var in the biaxial an- 
choring condition, a first-order transition occurs in the %u8, from a planar 
to a homeotropic distribution. 

INTRODUCTION 

The Landau-de Gennes' theory predicts' that the bulk free energy of nematic liquid 
crystals .requires a uniaxial bulk distribution to be minimized. However, it has 
been recently s h o ~ n ~ ~ ~  that the peculiar molecular shape of some new polymeric 
nematics makes it possible to induce biaxial distributions on their boundaries. 

Biaxial surface layers have been already predicted in the past4i5s6, but here we 
derive an analytical expression for their thickness, the biaxial persistence length, 
and we predict a first-order transition which takes place in a half-space delimit- 
ed by a biaxial plane boundary. This transition occurs between a planar and a 
horneotropic solution. Let us introduce a co-ordinate z ,  normal to the bounding 
plate, that we will take as z = 0. When the biaxial boundary distribution is spread 
in the z = 0 plane, the order tensor Q tends to become uniaxial in the bulk with 
director parallel to the bounding plate (planar distribution); if we now continu- 
ously modify the anchoring condition by increasing the z-eigenvalue of Q ( O ) ,  the 
uniaxial bulk distribution remains planar until it suddenly jumps to a horneotropic 
distribution in which the director becomes parallel to e, (i.e. perpendicular to the 
bounding plate). 

We find the equilibrium distribution by minimizing the free energy functional 

F[Q]  := / (fei(Q, VQ) + fLdG (Q))  dv, (1) 
V 

where V is the half-space occupied by the nematic and fel and fLdG are, respec- 
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150 P. BISCARI 

tively, the elastic and internal parts of the free energy density. In the next section 
we describe our minimization procedure; in the third we identify the absolute 
minimizer of the free energy; finally, in the last section, we compute the analytical 
expression of the biaxial persistence length. 

FREE ENERGY FUNCTIONAL 

In this section we refer to the paper by Biscari and Virga3, where all the approxi- 
mations here used were introduced and discussed in detail. 

Order tensor Q 
Our first simplification excludes the domain-like distributions from our study: 

since we consider the half-space represented by z 2 0, and we impose the boundary 
condition Q1z=o = Qo = cons., that does not depend on the co-ordinates z and 
y, we take into account distributions depending only on z. This simplification 
does not prevent us from finding the minimum of the free energy functional, but 
hides the domain structures that usually arise when a first-order transition is 
approached. 

Then, since the surface at z = 0 breaks the symmetry among all directions 
in space introducing the normal e, to the bounding plate, we further take e, as 
one of the eigenvectors of Q(z), while leaving the other two eigenvectors free to 
rotate in the plane (z, y): 

where 

el(z) = cosy~(z) e, +siny~(z) ey, 
ez (z )  = -sincp(z) e, + cosy~(z) ey. 

The number of independent parameters needed to determine Q ( z )  is so reduced 
to three. 

Internal potential 

Lyutsyukov7. In the standard Landau-de Gennes’ expansion 
To treat the internal potential we use an approximation first introduced by 

~ L ~ G ( Q )  : = a t r Q a  -btrQ3+c(trQ2)2,  
with b,c > 0, and a < 0 in order to represent the nematic phase, the parameters 
\a( and c turn out to be much greater than all other magnitudes in the free energy 
density. We can then consider the term a tr Q’ + c(tr Q’)2, and suppose that it 
must be minimized at any point, so introducing the constraint 
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BIAXIAL PERSISTENCE LENGTH IN NLC 151 

(2) 
2a 2 
c 3  

trQ2(z) f -- =: - so, 

and further reducing the number independent parameters in Q to two, since equa- 
tion (2) can be also written as 

We will take the scalar and the angle cp as independent. The parameter u, as 
equation (3) clearly shows, takes values in the interval [-I, 11. It represents both 
uniaxial and biaxial distributions, and it is closely related to the value of the z- 
eigenvalue of the order tensor Q, since pz = :sou. There are four special values 
of u related to uniaxial order tensors Q; they are shown in Table I. 

u2( z )  + .2( 2) = 1 . (3) 

TABLE I Values of u that correspond to uniaxial distributions. 

homeotropic positive 
planar negative 

-1/2 planar positive 
-1 homeotropic negative 

Elastic energy fd 

tives of Q, is: 
The most general elastic free energy, depending quadratically on the deriva- 

where a comma denotes differentiation with respect to Cartesian co-ordinates, 
and L1, L2,  and L3 are related to Frank's elastic constants through K2 = 4siL1, 
li'l = K3 = 2s; (2L1 + La + L 3 ) .  As usual, this quadratic approximation is not 
able to distinguish between K1 and Ks .  To treat the materials in which those two 
elastic constants are different, one is forced to consider also higher-order terms in 
the elastic free energy density, depending not only on the derivatives of Q, but 
also on the order tensor itself, as it has been done in '. 
Free energy functional F[Q1 

written as: 
With all the considerations above, the free energy functional 

u" + 49"( 1 - u2)  - 7u(4u2 - 3) . 

where 

1) can be 
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152 P. BISCARI 

We remark that the combination of elastic constants we have denoted by 6 needs 
not to be positive, but it is forced to verify 6 > -1 in order to make the functional 
3 bounded from below. 

EQUILIBRIUM DISTRIBUTIONS 

The functional in (4) depends on the functions u(z)  and cp(z), and is to be mini- 
mized subject to the boundary conditions u(0) = uo and cp(0) = 90, where uo and 
90 are the parameters characterizing the imposed anchoring condition Q(0) = Qo. 

The Euler-Lagrange equation of (4) relative to the angle cp can be easily 
integrated to give cp(z) 5 cpo for all z 2 0, as in '. This fact can be explained by 
considering that, since the nematic is confined by only one bounding plate, it has 
no reason to spontaneously rotate its eigenvectors. 

The second equilibrium equation in (4) can also be integrated to give 

(1 - u)Z( 1 + u)( 1 + 2 4 2  

1 + 6(l- u2) 
d2 = f (u )  := y ( 5 )  

Equation ( 5 )  shows that, for every value of u(0) = uo there exist at most two 
minimizers of the free energy functional (with, respectively, positive and negative 
u'(0)). Actually, since u(z)  must tend to either - 4  (corresponding to the planar 
prolate uniaxial distribution) or 1 (homeotropic prolate uniaxial distribution) when 
z goes to infinity to have a finite energy, only one minimizer can be found if uo E 
[-1, -;] (with lim u(z)  = -a), while two exist when uo E (-i, 1). The absolute 

z + m  

minimizer can be determined by computing the free energies corresponding to 
both solutions: it then appears that the planar minimizer is preferred when uo is 
less than a critical value u"(6), at which a first order transition occurs and the 
homeotropic minimizer becomes the stable equilibrium configuration. 

Figure 1 shows how ug depends on 6 .  When 6 = 0 (ie. when K1 = Kz = 
K 3 ) ,  the critical value is exactly 4, as it could be expected: the planar and the 
homeotropic distributions share the same free energy d u e  when the boundary 
condition is such that the bigger planar eigenvalue (say, p1) and the z-eigenvalue 
pz coincide at z = 0. 

When 6 < 0, that is when the splay constant is greater than K1 = K3, ug 
increases, so indicating that the planar distribution is finally preferred even in 
some cases with pz > p1 at z = 0. The opposite situation arises when 6 > 0; in 
particular, the limit of ug(6) when 6 + +oo (corresponding to Kz << K1, a situ- 
ation that arises in most polymeric nematics) coincides with the result predicted 
in '. 

BIAXIAL PERSISTENCE LENGTH 

To define a biaxial persistence length we use the following invariant biaxiality 
measure8: 
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FIGURE 1 Critical value of the boundary parameter uo. 

113 P := (6d5 1P1 - P21 1/12 - P z  I 11.12 - /11 I) 7 

where PI, pa, and pz are the eigenvalues of the order tensor Q. The parameter 
p so defined takes values in [0,1], being 0 if only and only if the order tensor Q 
is uniaxial. The constraints t r Q  = 0 and t rQa  = is: allow us to compute p in 
terms of the parameter u: 

confirming that ,fl = 0 when either u = d=i or u = &I. 
p ( z )  = 23 SO 1 4 ~ ~ ( . ~ )  - 11 Jm, 
Now we define the biaxid persistence length as: 

equation ( 5 )  allows us to compute Lg  analytically: 

where X := 7-3 is a material characteristic length, usually of the order of the 
micron3. Figure 2 shows how the biaxial persistence length depends on the initial 
condition uo for three different values of 6: the continuous, dotted and dashed 
lines represent the cases when 6 = 0, -i, and 1, respectively. 

Equation (6) and Figure 2 show that Lg vanishes when uo = -1 or uo = f ,  
so indicating that biaxiality fades away most rapidly when the nematic is forced 
to reach its final uniaxial prolate distribution starting from an uniaxial oblate 
distribution on the surface. On the contrary, Lg diverges when uo = f4/2, or 
uo = 0: this indicates that biaxiality survives most in the bulk when any of the 
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FIGURE 2 Biaxial persistence length. 

three eigenvalues of the order tensor Q is set equal to 0 at the bounding plate. 
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